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A new continuum model for general relativistic viscousheat-conducting media
Evgeniy Romenski1, Ilya Peshkov2, Michael Dumbser3 and Francesco Fambri 4
The lack of formulation of macroscopic equations for irreversible dynamics of vis-
cous heat-conducting media compatible with the causality principle of Einstein’s
Special Relativity and the Euler-Lagrange structure of General Relativity is a long-
lasting problem. In this paper, we propose a possible solution to this problem in
the framework of SHTC equations. The approach does not rely on postulates of
equilibrium irreversible thermodynamics but treats irreversible processes from the
non-equilibrium point of view. Thus, each transfer process is characterized by a char-
acteristic velocity of perturbation propagation in the non-equilibrium state, as well as
by an intrinsic time/length scale of the dissipative dynamics. The resulting system
of governing equations is formulated as a first-order system of hyperbolic equations
with relaxation-type irreversible terms. Via a formal asymptotic analysis, we demon-
strate that classical transport coefficients such as the viscosity and heat conductivity
are recovered in leading terms of our theory as effective transport coefficients. Some
numerical examples are presented in order to demonstrate the viability of the ap-
proach.
1 introduction
The lack of formulations of macroscopic equations for irreversible dynamics of viscous heat-
conducting and resistive media compatible with the causality principle of Einstein’s special rel-
ativity and the Euler-Lagrange structure of general relativity (GR) is a long lasting problem
[1, 2, 3]. In this paper, we propose a possible solution to this problem in the framework of
Symmetric Hyperbolic and Thermodynamically Compatible (SHTC) equations [4, 5, 6, 7, 8, 9].
Such an approach is not relying on postulates of equilibrium irreversible thermodynamics but
treats irreversible processes from the non-equilibrium standpoint. Thus, each transfer process is
characterized by a characteristic velocity of perturbation propagation cch in the non-equilibrium
state as well as by an intrinsic time scale τ of the dissipative (irreversible) dynamics. The result-
ing system of governing equations is formulated as a first-order system of hyperbolic equations
with relaxation-type irreversible terms and thus causal by construction. Via a formal asymptotic
analysis, we demonstrate that classical transport coefficients such as viscosity and heat conduc-
tivity are recovered in leading terms of our theory as effective transport coefficients of the form
∼ τc2ch. Some numerical examples will be presented in order to demonstrate the viability of the
approach.
The overall time evolution described by SHTC equations is split into two parts, reversible and
irreversible. The reversible part (all the differential terms) comprises most of the mathematical
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2 formulation of reversible equations 2
structure of the governing equations. This part is associated with the most non-equilibrium
state of the system, i.e. for the relaxation parameter approaching infinity, τ → ∞. On the other
hand, when τ → 0, the system is driven towards the global thermodynamic equilibrium which
is described by a system with a reduced structure (the Euler equations of an ideal inviscid fluid).
The reversible part conserves both the energy and the entropy and admits a variational formu-
lation and thus, it is compatible with the Euler-Lagrange structure of the Einstein field equations
of GR. An important feature of our approach is that the variational principle is formulated in
the Lagrangian reference frame, while the final form of the governing equations is obtained after
the passage from the Lagrangian to the Eulerian frame. This is discussed in Sec. 2. Finally, we
recover a covariant form of the Eulerian equations, and the corresponding 3+ 1 split (’Valencia-
type’) formulation [10, 11, 12], which is also well suited for carrying out numerical experiments
for a first and direct validation of the proposed theory.
The irreversible part, which rises the entropy (second law of thermodynamics), is represented
by the algebraic relaxation-type source terms ∼ τ−1, and can be viewed as gradients (with respect
to the state variables) of a dissipation potential [4], see Sec. 3.1.
The relaxation character of the irreversible part, in particular, imposes a challenge for the
numerical methods in the near equilibrium (diffusive) regime τ 1. Therefore, in the numerical
simulations, we rely on the so-called ADER approach [13, 14, 15] which can be used to obtain
the numerical solution in all regimes: near equilibrium τ  1, non-equilibrium τ  1, and
intermediate τ ∼ 1, see [16, 17].
The SHTC approach was not developed as a non-equilibrium thermodynamics theory, but
grew up from studying the admissible mathematical structure of macroscopic equations initiated
by Godunov in [5]. Such a structure should simultaneously guarantee consistency with the fun-
damental principles of thermodynamics and the causality principle, and also should have good
mathematical properties such as well-posedness of the initial value problem (Cauchy problem),
which is in particular obligatory for a system of evolutionary equations to be solved numerically.
Nevertheless, the SHTC approach shares many common features with other non-equilibrium
thermodynamics theories. For example, it has been shown recently [4] that the SHTC equations
admit a Hamiltonian formulation via Poisson brackets and thus, it can be seen as a particular
realization of the GENERIC formulation of non-equilibrium thermodynamics [18, 19]. Moreover,
as many theories, e.g. GENERIC, Extended Irreversible Thermodynamics (EIT) [20], Rational
Extended Thermodynamics (RET) [21], the SHTC approach intends to identify new macroscopic
fields (state parameters) and find the governing equations for them in order to approach more
and more the non-equilibrium regime. The physical meaning of the new state parameters might
be very different though from those used in RET and EIT, e.g. flux-type quantities in EIT and
RET and density-type quantities in SHTC and GENERIC. Additionally, similar to RET, special
care is given to the hyperbolicity of the governing equations.
Finally, we note that a distinguishing feature of the SHTC and Hamiltonian GENERIC ap-
proach is the exceptional role of the energy potential in formulating the governing equations.
Indeed, the variational nature of the SHTC equations and the Hamiltonian nature of GENERIC
imply a unique role of the Lagrangian and the Hamiltonian, respectively, which act as generating
potentials (they generate the entire structure of the reversible part of the governing PDE system)
and are intimately connected with the energy of the system. On the other hand, in theories
such as EIT and RET, the role of the generating potential is given to the entropy. In SHTC and
GENERIC, the entropy potential, which is intimately connected to the dissipation potential [4], is
only responsible for generating the irreversible part of the time evolution.
2 formulation of reversible equations
In this section we give a variational formulation of the reversible part of the time evolution for
viscous and elastoplastic heat-conducting media. The governing equations are formulated in
such a way that the Lagrangian density is left unspecified and has to be provided by a user in
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order to close the equations. Such a closure may depend on a particular application. This empha-
sizes an exceptional role of the energy potential in the formulation of the reversible equations,
similar to the GENERIC formulation [18, 19].
2.1 Lagrangian equations of motion
In continuum mechanics, the motion of a continuous medium can be viewed as an embedding
of the 4d matter-time manifold (4-continuum) M4 with metric κab in the 4d spacetime V4 with
a general Riemannian metric gµν. This embedding can be described in Lagrangian coordinates ξa
associated with M4, i.e. the coordinates that are ’comoving’ with the medium, or, alternatively,
in generic non-comoving coordinates xµ associated with V4, that are usually called ’Eulerian’
coordinates for convenience. Sometimes the Lagrangian coordinates are also named ’material’
coordinates, but in this work we prefer the first against the latter. The embedding implies that
the following one-to-one relation
xµ = xµ(ξ), ξa = ξa(x), µ,a = 0, . . . , 3 (1)
holds between Lagrangian and Eulerian coordinates, also called motion. In this work, by con-
vention, we refer general Greek indexes to the non-comoving (Eulerian) system of coordinates,
while lowercase Latin indexes a,b, c = 0, 1, 2, 3 to the comoving (Lagrangian) coordinates. Addi-
tionally, capital Latin letters A, B, C = 1, 2, 3 refer to the three purely spatial Lagrangian material
coordinates, e.g. ξA.
We further specify the Lagrangian coordinates ξa by assuming that the three scalars ξA label
the matter particles and hence label the particle worldlines, while ξ0 := τ is defined to be the
matter proper time, that is the time of the Lagrangian observer as measured from his comoving
clock, i.e.
−dτ2 = gµνdxµdxν. (2)
In the Lagrangian formalism, the motion (1), as seen by an Eulerian observer, represents
deformation of the medium and hence, the gradients of the motion, also called configuration
gradients in the relativistic elasticity literature, e.g. [22, 23, 24, 25, 26],
xµa (ξ) :=
∂xµ
∂ξa
, ξaµ(x) :=
∂ξa
∂xµ
(3)
play a central role [27]. In particular, the 4-velocity of the material elements with respect to the
Eulerian coordinate system xµ is defined as the first column of the configuration gradient xµa
uµ := xµ0 =
∂xµ
∂ξ0
=
∂xµ
∂τ
, (4)
Thus, in the absence of other material fields (which will be introduced later), it is implied that
the material Lagrangian density Λ˜ explicitly depends on the configuration gradient xµa
Λ˜
(
ξa, xµ(ξ), xµb (ξ)
)
= Λ
(
x
µ
b (ξ)
)
(5)
and does not explicitly depend on the unknowns ξa and the potentials xµ(ξ). Hence, the first
variation of the action S =
∫
Λdξ with respect to δxµ gives the Euler-Lagrange equation
∂aΛxµa = 0, (6a)
where we introduced the notation Λxµa =
∂Λ
∂x
µ
a
, and the Einstein convention of summation
over repeated indexes is assumed. There are only 4 conservation laws in (6a) for 16 unknowns
x
µ
a . The remaining 12 equations are indeed hidden within the integrability conditions of any
configuration gradient, i.e.
∂b x
µ
a − ∂a x
µ
b = 0, a 6= b. (6b)
In fact, system (6b) consists of 24 equations, where 12 of them are effective evolution equations,
i.e. those for a,b = 0, while the other 12 are the so-called involution constraints, e.g. see [27, 4],
that are pure spatial constraints, conserved along the particle trajectories.
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2.2 Eulerian equations of motion
Existence of the Lagrangian coordinates ξa is a mathematical idealization and their practical use
for general fluid-like motion is usually very problematic. Therefore, our unified approach to
fluids and solids [28, 16] relies on the reformulation of governing equations (6) in the Eulerian
frame and later, on the replacement of the integrable (global) deformation field ξaµ by the non-
integrable (local) distortion field Aaµ which can be seen as a local basis tetrad (or non-holonomic
basis tetrad). Therefore, in this section, we formulate equations of motion in the Eulerian frame
which are obtained from the Lagrangian governing equations (6) by changing the unknowns
ξa → xµ, see details in [27].
Thus, after a sequence of equation transformations, equations (6) read
−∇ν(|ξ| ξbµΛξbν) = 0, u
ν(∇νξaµ −∇µξaν) = 0, (7)
where∇ν denotes a covariant derivative associated with the symmetric Levi-Civita connection of
GR, and the first equation represents the conservation of the energy-momentum tensor-density
Σνµ of our theory
Σνµ := −|ξ| ξ
µ
aΛξνa = |ξ| x
ν
aΛxµa , |ξ| = det(ξ
a
µ). (8)
After introducing the Eulerian counterpart L of the material Lagrangian Λ:
L := |ξ|Λ, (9)
the energy-momentum reads
−Σνµ = ξ
a
µLξaν −Lδ
ν
µ, T
ν
µ := Σ
ν
µ/
√
−g. (10)
In particular, it is shown in [27] that in the absence of other material and electromagnetic fields,
Tνµ can be written in a conventional form
−Tνµ = Eu
νuµ + ph
ν
µ + σ
ν
µ, h
ν
µ := δ
ν
µ + u
νuµ, (11)
where E = L/
√
−g is the total energy, p := ρEρ − E is the isotropic pressure, ρ is the rest
mass density, σνµ = ξaµEξaν is the anisotropic part of the energy-momentum, h
ν
µ is the spatial
projector.
The complete system of Eulerian governing equations for determining the 16 unknown fields
ξaµ reads
−∇ν(ξaµEξaν − Eδνµ) = 0, uν(∇νξaµ −∇µξaν) = 0. (12)
Finally, we note that, as discussed in detail in [27, 29], the developed approach is geometrical
in nature, in which the matter is considered as a non-Riemannian manifold in which the geom-
etry is determined by the distortion field Aaµ (non-holonomic frame field), which replaces the
holonomic tetrad ξaµ and plays the role of moving Cartan frames. In such a geometrical frame-
work, the 4-velocity uµ and the rest mass current jµ :=
√
−gρuµ are collinear by construction
[27]. In other words, the proposed approach can be viewed as a generalization of Eckart’s choice
of the 4-velocity (Eckart’s frame), see [30, 31, 3].
consistency with gr. As it was shown in [27], our energy-momentum (10) agrees well with
the canonical matter energy-momentum tensor-density of GR (the source term in the Einstein
field equations)
√
−g Tνµ := −g
νλ ∂L
GR
∂gλµ
= gµλ
∂LGR
∂gλν
=
√
−g
(
2gµλEgλν − Eδ
ν
µ
)
, LGR :=
√
−gE, (13)
where E is the total energy. In particular, if we assume L = LGR, it was shown in [27] that
−Tνµ = ξ
a
µEξaν − Eδ
ν
µ = −
(
2gµλEgλν − Eδ
ν
µ
)
= −Tνµ. (14)
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This is an important result, saying that our way of formulating the variational principle, which
is defining the action in the matter-time manifold M4 and varying the action with respect to the
configuration gradient ξaµ, gives the same energy-momentum tensor (14) if one would follow
the conventional way of GR, that is defining the action in the spacetime V4 and performing
variation with respect to the spacetime metric gµν.
Equality (14) also guarantees that the GR energy-momentum tensor Tνµ coincides identically
with the SHTC energy-momentum Tνµ for arbitrary energy potential E even in the presence of
extra fields, e.g. the thermal impulse needed for the heat conduction.
2.3 Heat conduction
In this Section, we give a variational formulation for the reversible part of the relativistic version
of the SHTC heat conduction equations [8, 4]. As it was shown in [4], SHTC equations can be
viewed as a particular realization of the GENERIC formulation for non-equilibrium thermody-
namics. It is therefore not surprising that the same heat conduction equation was also proposed
by Öttinger [32, 33, 34] within the GENERIC approach.
2.3.1 Lagrangian equations.
In the Lagrangian frame, let us consider a scalar potential J(ξa) and the action integral
S =
∫
Λ(J,∂aJ)dξ. (15)
We assume that the Lagrangian Λ does not depend explicitly on the potential J itself, but only
on its first derivatives Ja := ∂aJ. In analogy with non-relativistic equations [16, 17, 4], vector Ja
is called relativistic thermal impulse. Furthermore, we shall single out the zeroth component J0 :=
−T of the gradient Ja, where, as will become clear later, T can be identified as the temperature
in the medium.
The first variation of the action (15) with respect to J gives the Euler-Lagrange equation
∂aΛJa = 0, ∂bJa − ∂aJb = 0, (16)
which are accompanied by the integrability condition (second equation). The first equation in (16)
will be associated with the entropy evolution equation and its more conventional form will be
unveiled later. The second equation will be used to evolve the three spatial components of the
thermal impulse.
2.3.2 Eulerian equations.
We now rewrite the Lagrangian equations (16) in the Eulerian frame xµ. Thermal impulse Ja
and Lagrangian Λ transform as
Jµ = ξ
a
µJa, L(Jµ) = |ξ|Λ(Ja). (17)
In particular, keeping in mind that uµ = xµ0 , we have
uµJµ = −T . (18)
Furthermore, it follows from (17) that |ξ|xµaΛJa = LJµ and hence, using the identity ∂µ(|ξ|x
µ
a ) =
0 and that ∂a = x
µ
a ∂a, one can rewrite (16)1 as
0 = |ξ| xµa ∂µΛJa = ∂µ(|ξ| x
µ
aΛJa) = ∂µLJµ , (19)
Note that within (16), there are only 4 evolution equations for 4 unknowns Ja and 3 pure spatial constraints ∂BJA −
∂AJB = 0.
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that is the vector-density LJµ conserves both ordinarily and covariantly:
∂µLJµ = 0, and ∇µLJµ = 0. (20)
Let us now transform equation (16)2. One may write (we consider only three genuine evolu-
tion equations, but not the spatial constraints ∂BJA − ∂AJB = 0)
∂τJb − ∂bJ0 = ∂τ(x
µ
b Jµ) − ∂b(u
µJµ) = u
λ∂λ(x
µ
b Jµ) − x
λ
b ∂λ(u
µJµ). (21)
Then, using (18) and that ∂λx
µ
b = −x
η
b x
µ
a ∂λξ
a
η, we can write (21) as
uλ∂λJν − u
λJµx
µ
a ∂λξ
a
ν + ∂νT = 0, (22)
which using the evolution equation for the configuration gradient uλ∂λξaν + ξaλ∂νu
λ = 0 (see
[27]), can be rewritten as
uλ∂λJν + Jµ∂νu
µ = −∂νT . (23)
Because the left hand-side is the Lie derivative of Jµ along the 4-velocity, while the right hand-
side is the derivative of the proper scalar T = −uµJµ, we may replace the ordinary derivatives
with the covariant ones:
uλ∇λJν + Jµ∇νuµ = −∇νT . (24)
Using (18), this equation can be equivalently written as uλ(∇λJν−∇νJλ) = 0. Thus, the Eulerian
form of the relativistic heat conduction equations (in the absence of the irreversible processes)
reads
∇µLJµ = 0, uλ(∇λJν −∇νJλ) = 0. (25)
2.3.3 Energy-Momentum and Thermal Stress.
We now demonstrate that the energy-momentum tensor has a contribution due to thermal im-
pulse Jµ. Thus, during the Lagrange-to-Euler transformation the energy-momentum tensor Σνµ
transforms as
Σνµ = |ξ| x
ν
a
(
Λ(xλb , Jb)
)
x
µ
a
= −|ξ| ξaµ
(
|ξ|−1L(ξbλ, ξ
b
λJb)
)
ξaν
= Lδνµ − ξ
a
µLξaν − JµLJν .
Therefore, in the presence of heat conduction, the energy-momentum tensor Tνµ = Σνµ/
√
−g is
−Tνµ = ξ
a
µEξaν + JµEJν − Eδ
ν
µ, (26)
where the term JµEJν can be called the thermal stress.
2.3.4 Entropy.
In this section, we introduce an entropy of our theory and rewrite the conservation law (25)1,
which is in fact the entropy conservation law, in a conventional form. For brevity, we shall not
consider the dependence of the energy potential on ξaµ in this section.
First, we introduce the spatial projection wµ of the thermal impulse Jµ
wµ := h
λ
µJλ = Jµ − Tuµ. (27)
Let us also define total energy potentials (at the moment we use symbol E, while symbol E
will appear later on, after a Legendre transform in (30))
E(Jµ) = E¯(T , J) = Eˇ(T ,w), (28)
where E = L/
√
−g, T = −uµJµ, J := JµJµ, w := wµwµ = J+ T2, and, in particular,
EJµ = −EˇTu
ν + Eˇwλ
∂wλ
∂Jν
= −EˇTu
ν + Eˇwλh
ν
λ = −EˇTu
ν + Eˇwν . (29)
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Eventually, the entropy s can be introduced conventionally, i.e. as the Legendre conjugate to
the temperature T . Thus, we introduce a new potential E(s,wµ) = TEˇT − Eˇ and hence, one has
s := EˇT , T = Es, Ewµ = −Eˇwµ . (30)
After that, conservation law (25)1 reads
∇µEJµ = ∇µ(−EˇTuµ + Eˇwµ) = −∇µ(suµ + Ewµ), (31)
which represents the reversible part of the entropy evolution. Note that the non-advective part
Ewµ of the entropy current is orthogonal to the 4-velocity
Ewµuµ = 0 (32)
because Ewµ = −Eˇwµ = −2Eˇww
µ and wµuµ = 0. In terms of the thermal impulse wµ, eq. (25)2
reads
uλ(∇λwµ −∇µwλ) + hλµQλ = 0, (33)
where Qµ := ∇µT + Tuλ∇λuµ is the auxiliary temperature gradient vector, e.g. see [32, 3].
However, in the numerical simulation, it is more convenient to use equation (25)2 for Jµ and
then compute wµ using (27) because, after the 3+ 1 split, (25)2 has the same structure as the
non-relativistic SHTC heat conduction equation [4, 8].
2.3.5 The symmetry of the thermal stress
Let us now consider the question of symmetry of the energy-momentum. Thus, in new terms,
the thermal stress can be written as
JµEJν = −(wµ + Tuµ)(su
ν + Ewν) = −(wµEwν + Tsuµu
ν + swµu
ν + TEwνuµ) (34)
which is symmetric if and only if
swν = TEwν . (35)
This, in fact, implies that E¯T = EˇT + 2TEˇw = s− 2TEw = 0, that is E¯(T , J) = E¯(J) does not depend
explicitly on T and we can identify E ≡ E¯ in (28).
2.3.6 Heat flux
Recall that, in the SHTC theory [8, 4, 16], the heat flux is introduced as
qµ := EsEwµ = TEwµ (36)
hence, if condition (35) holds, the thermal stress (34) can be equivalently rewritten as
JµEJν = −(sEsu
µuν +wµEwν + q
νuµ + uνqµ), (37)
which is manifestly symmetric. Hence, the total energy-momentum for a relativistic heat-conducting
fluid (anisotropic shear stress is omitted) reads
−Tνµ = (sEs − E)u
νuµ + (−ρEρ − sEs + E)h
ν
µ − sEsu
νuµ −wµEwν − q
νuµ − u
νqµ, (38)
so that we have
Tνµ = Eu
νuµ + ph
ν
µ +wµEwν + q
νuµ + u
νqµ, (39)
with p := ρEρ + sEs − E being the pressure. Here, the last two terms are conventional [31, 3],
while the term wµEwν is due to the non-equilibrium nature of the theory. The presence of such
a term can be in particular justified based on macroscopic equations for non-equilibrium gas
flows (moments equations) [35] derived from the Boltzmann kinetic equation. Such a term also
appears in the GENERIC formulation of relativistic heat conduction [32, 34] which we found to
be equivalent to the SHTC variational formulation. However, in the near-equilibrium settings
(diffusive regime), this term can be ignored due to its smallness, see Sec. 4.2.
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3 introduction of irreversible source terms
In this section, we finalize the formulation of the SHTC equations for relativistic heat-conducting
viscous/elastoplastic media by specifying the irreversible part of the time evolution. Note that
the differentiation between viscous and elastoplastic media is achieved via a proper choice of
the dependence of the relaxation time τsh, see (49), on the state variables, e.g. see [36], and
does not depend on the reversible part of the time evolution. We then discuss thermodynamic
consistency of the equations and their hyperbolicity.
3.1 Relativistic heat-conducting viscous media
The system of SHTC governing equations for general relativistic heat-conducting viscous/elastoplastic
media reads as follows
∇ν(Euνuµ + phνµ +AaµEAaν +wµEwν + qνuµ + uνqµ) = 0, (40a)
uν(∇νAaµ −∇µAaν) = −
1
θsh
GabgµνEAbν , (40b)
∇µ(suµ + Ewµ) =
1
T
(
1
θsh
GabgµνEAaµEAbν +
1
θh
gµνEwνEwµ
)
> 0, (40c)
uλ(∇λwµ −∇µwλ) + hλµQλ = −
1
θh
gµνEwµ , (40d)
∇µ(ρuµ) = 0, (40e)
where
p = ρEρ + sEs − E, T = Es, qµ = TEwµ , Qµ = ∇µT + Tuλ∇λuµ, (40f)
The left hand-side in (40) represents the reversible part of the time evolution derived in Sec.2.1
and 2.3, while the newly added relaxation source terms on the right hand-side of (40) represent
the irreversible part and can be viewed as gradients of the quadratic dissipation potential [4].
The total energy E is left unspecified so far. However, one may clearly notice that the definition
of the reversible and irreversible terms depends on the specification of the total energy E and
will be provided in Sec. 4.1 as well as the specification of the relaxation parameters θsh and θh.
One of the non-trivial differences between the reversible equations (with zeros on the right
hand-side) and irreversible ones is in the substitution of the configuration gradient ξaµ, which
can be seen as a holonomic basis tetrad, by the distortion field Aaµ, which is a non-holonomic
basis tetrad, i.e. it is not a gradient of the mapping (1). This is discussed in detail in [27] in the
relativistic setting and in [29, 28, 16] in the non-relativistic setting. It is implied that |A| = |ξ|.
The choice of the entropy production source term in eq.(40c) is guided by both laws of thermo-
dynamics, i.e. it has to be non-negative in order to guarantee the non-decreasing of the physical
entropy in irreversible process (second law of thermodynamics), but it also allows to conserve
the total energy (first law of thermodynamics). Indeed, system (40) is an overdetermined PDE
system, that is there are more equations than unknowns. Hence, if all equations are compatible
with each other, one of the equations should be the consequence of the others. Thus, one can
check that the 0-th equation in (40a), the total energy conservation law, is a linear combination
of the remaining equations
∇ν(Euνu0 + phν0 + Pν0) = −
ui
u0
∇ν(Euνui + phνi + Pνi) −
EAaµ
u0
uν(∇νAaµ −∇µAaν)
−
Es
u0
∇µ(suµ + Ewµ) −
Ewµ
u0
(uλ(∇λwµ −∇µwλ) + hλµQλ) −
Eρ
u0
∇µ(ρuµ), (41)
where Pνµ = AaµEAaν + wµEwν + q
νuµ + u
νqµ. The source terms in (40) are designed in
such a way that they canceled out during the summation (41), that is the total energy is indeed
conserved.
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Finally, we note that the rest mass conservation law (40e) is, in fact, not an independent equa-
tion, but can be derived from the configuration gradient (12)2 or distortion evolution equation
(40b), e.g. see [27]. Nevertheless, it is convenient to treat the rest mass density ρ := ρ0|A|/
√
−g
as an independent variable [27], which should be taken into account in the derivatives EAaµ and
Eρ. Here, ρ0 is the reference mass density.
3.2 Hyperbolicity
Hyperbolic PDEs provide a natural framework for modeling time-dependent physical phenom-
ena at a macroscale because they have a locally well-posed initial value problem and admit only
finite speeds for perturbation propagation. In particular, it is one of the goals of this paper to
obtain a relativistic version of our hyperbolic equations for viscous momentum transfer [28, 16]
and for heat transfer [8, 16, 4]. However, we have achieved this goal only partially: we have built
a first-order system of relativistic PDEs but it has appeared that proving hyperbolicity (or sym-
metric hyperbolicity) of system (40) is not a trivial task. So far, we can only give some evidences
of that system (40) is hyperbolic. First of all, if hyperbolicity of the Eulerian system (40) is an
open question, it is rather trivial to prove even symmetric hyperbolicity of its Lagrangian coun-
terpart. Indeed, Lagrangian governing equations (6) and (16), after introducing new variables
mµ := Λuµ , S := ΛT , and a new potential U = uµΛuµ + TΛT −Λ as Legendre conjugate, read
∂τmµ − ∂A UxµA
= 0, ∂τ x
µ
A − ∂A Umµ = 0, (42a)
∂τS+ ∂AUJA = 0, ∂τJA + ∂AUS = 0, (42b)
where ∂τ = ∂0 is the Lagrangian time derivative. This is exactly the system of conservation laws
studied in [7, 4] and which is symmetrizable and compatible with the first law of thermodynam-
ics (thermodynamical compatibility), i.e. it admits an extra conservation law for the potential U:
∂τU− ∂A(UmµUξAµ
−USUJA) = 0, (42c)
which can be interpreted as the total energy conservation, see details in [4]. Moreover, this
system is symmetric hyperbolic if the potential U is convex. Although, in the non-relativistic
SHTC framework, both Lagrangian and Eulerian systems are symmetrizable and hence, are
hyperbolic if the generating potential is convex, see [4], hyperbolicity of a Lagrangian PDE
system cannot in general guarantee hyperbolicity of its Eulerian counterpart (since the Lagrange-
to-Euler coordinate transformation is nonlinear). Therefore, the question of hyperbolicity of the
relativistic Eulerian system (40) should be carefully investigated.
Nevertheless, we recall that despite our equations recover the parabolic Navier-Stokes-Fourier
diffusion theory in leading terms in the diffusive regime, the dispersion analysis [16] of the
non-relativistic equations demonstrates that the acoustic perturbation always propagate at finite
speeds in contrast to the classical parabolic theory. We expect the same from the relativistic
SHTC equations. However, this also should be carefully verified. In particular, regarding the
stability of the relativistic SHTC heat conduction equations (40c), (40d), which coincide with the
GENERIC formulation [32], we may refer to [34] where stability of the latter is justified.
Finally, the fact that the viscous/elastoplastic subsystem (40a), (40b) was solved numerically
in [27] as well the entire model (40) is solved in this paper in Sec. 5 for a rather general set of
initial conditions containing even discontinuities with the ADER family of methods designed
specifically for hyperbolic PDEs, e.g. see [16, 37, 38], suggests that the system (40) is likely
hyperbolic at least in a certain vicinity of equilibrium.
We ignore here the algebraic irreversible source terms because the type of a PDE system is defined by the leading terms.
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4 specification of the equations
As we have seen, the SHTC system of governing equations is formulated without specifying the
Lagrangian density L or energy E. We say that the energy potential E is the generating potential
for system (40) which has to be specified in order to close the system.
Because E has to be a proper scalar, it has to depend on the the tensor fields via their invariants,
including mixed invariants of two or more fields. The subsystems of (40) can be, therefore, non-
linearly coupled via a specific closure, i.e. a specific choice of the potential E. In this paper,
however, we give an example of a rather simple closure (quadratic energy) which is discussed in
the following subsection.
4.1 Closure: equation of state
We assume the following decomposition of the total energy potential E
E(ρ, s,wµ,AAµ) = ρ(1+ ε(ρ,S,wµ,A
A
µ)), (43)
where S = s/ρ is the specific entropy (per unit of rest mass).
Furthermore, we shall need the material metric Gµν, see [27],
Gµν := GabA
a
µA
b
ν = κABA
A
µA
B
ν, Gab := κab +UaUb =

0 0 0 0
0
0 κAB
0
 , (44)
where we have defined the Lagrangian matter projector Gab in the local relaxed frame, and
Ua = ∂ξ
a
∂τ = (1, 0, 0, 0), Ua = κabU
b = (−1, 0, 0, 0) is the Lagrangian 4-velocity. Following our
papers on Newtonian continuum mechanics [16, 17], we shall decompose the material metric
Gµν into a traceless part G˚µν and a spherical part:
Gµν = G˚µν +
Gλλ
3
hµν, where G˚µν := Gµν −
Gλλ
3
hµν. (45)
Note that, in this definition, G˚µν refers to the spatial projector hµν and not to the full spacetime
metric gµν. We then use the norm of the traceless part (here one has to use that h
µ
µ = g
µλhλµ =
3)
G˚λνG˚
ν
λ = I2 − I
2
1/3, I1 = G
µ
µ, I2 = G
µ
νG
ν
µ, (46)
as an indication of the presence of non-volumetric (tangential) deformations, and define the
specific energy ε(ρ,S,wµ,AAµ)
ε(ρ,S,AMµ,w
µ) = εeq(ρ,S) +
c2sh
4
G˚λνG˚
ν
λ +
α2h
2
wµwµ, (47)
where εeq is given by a hydrodynamic equation of state (EOS), which can be either the ideal
or stiffened gas EOS (in the case of liquids or solids) or a general tabulated one. Here, csh de-
notes the sound speed of propagation of shear perturbation, that is the characteristic velocity of
propagation of shear perturbation in the most non-equilibrium state, i.e. when the associated
relaxation parameter τsh goes to infinity, τsh → ∞. The parameter αh is related to the char-
acteristic velocity of propagation of thermal perturbations ch (so-called second sound) in the
non-equilibrium state (τh → ∞) as c2h = α2hT/cV , where τh is the thermal relaxation time scale,
and cV is the specific heat capacity at constant volume [16]. For such a specification of E, we
have
EAAµ
= ρ c2shκABA
B
λg
λαG˚αβh
βµ, AAµEAAν = ρ c
2
shG˚
ν
λG
λ
µ, (48a)
wµEwν = ρα
2
hw
νwµ, qµ = Tρα2hw
µ, T = Es = ε
eq
S . (48b)
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Based on the dimensional reasoning and asymptotic analysis performed in the following section,
it is convenient to define the relaxation parameters θsh and θh as follows [27, 16, 4]
θsh = ρ0 τshc
2
shG
λ
λ/3, θh = ρα
2
hτh. (49)
4.2 Asymptotic analysis
In this section, via a formal asymptotic analysis performed for the closure (47), we demonstrate
that in the asymptotic relaxation limit τsh → 0 and τh → 0, the leading terms of our equations
are identical to the relativistic Navier-Stokes-Fourier equations [3]. Although, the latter are
parabolic and non-causal and known to be unstable [1, 2, 39], it is the high-order terms of our
theory which should be responsible for the well-posedness and causality of the equations. Via
a formal asymptotic analysis, we express the effective transport coefficients of the theory such
as shear viscosity and heat conductivity in terms of the characteristic velocities csh, ch and the
relaxation times τsh and τh.
effective heat conductivity. Assuming that the thermal impulse can be expanded as
wµ = w
[0]
µ + τhw
[1]
µ + τ
2
hw
[2]
µ + . . . , (50)
we plug it in the equation (33), where the irreversible terms are now added:
uλ∇λ(w[0]µ + τhw[1]µ ) + (w[0]λ + τhw
[1]
λ )∇µuλ + hλµQλ + . . . = −
ρα2h
θh
wµ, (51)
where dots ‘. . .’ mean higher order terms. It is convenient to define θh as in (53). Then, collecting
terms with equal orders of power of τh, we obtain that at the zeroth order w
[0]
µ = 0, while at the
first order w[1]µ = −hλµQλ. Therefore, by truncating expansion (50) to first order, the solution
can be approximated as wµ = −τhhλµQλ. Then, using that the heat flux 4-vector is defined as
qµ = TEwµ in (36), one has
qµ = TEwµ = Tρα
2
hw
µ = −Tρα2hg
µντhh
λ
νQλ, (52)
that is the effective heat conductivity κeff of our model in the diffusive regime (τh  1) can be
defined as
κeff = ρ Tτhα
2
h = ρ cVτc
2
h . (53)
effective shear viscosity. In [27], it was shown that, in the absence of heat conduction
(ch = 0), a formal asymptotic expansion reveals the structure of the leading terms of viscous
stress σνµ = AAµEAAν in the asymptotic relaxation limit when τsh → 0,
σµν = −
1
6
ρ0τshc
2
sh
(
hµλ∇νuλ + hλν∇µuλ − 2
3
(hαλ∇αuλ)hµν + uλ∇λhµν
)
, (54)
which is equivalent to the Landau-Lifshitz version of the relativistic Navier-Stokes stress [40, 3]
with the effective viscosity µ = 16ρ0τshc
2
sh.
5 numerical validation
5.1 3+1 formulation
In short, in the 3+ 1 foliation of spacetime, it is a usual procedure to project the 4d covariant
governing equations into a set of 3d equations by using the so called spatial and temporal projec-
tion operators, γµν and Nµν, respectively, such that gµν = γµν +Nµν, e.g. see [3]. In this way,
any symmetric rank-2 tensor can be decomposed in its spatial and temporal components, e.g.
Tµν = Sµν + Sµnν +nµSν +Unµnν, (55)
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where,
Sµν := γµαγ
ν
βT
αβ, Sµ := −γµαnβT
αβ, U := nαnβTαβ (56)
In particular, such operators are defined after specifying on the spacetime V4 a proper field of
local (Eulerian) observers travelling with non-constant 4-velocity nµ. In particular, one can show
that [3]
gµν =
(
−α2 +βiβ
i βi
βi γij
)
, gµν =
(
−1/α2 βi/α2
βi/α2 γij −βiβj/α2
)
,
nµ = −α∇µt = (−α, 0i) , nµ = (1/α,−βi/α) , nµnµ = −1,
γµν := gµν +nµnν , Nµν := −nµnν,
where t is chosen to be the time coordinate, α is the lapse function, βj is the shift vector, and γij
are the spatial components of the spatial metric γµν. The corresponding identities related to the
medium 4-velocity uµ are
uµ = Γ (nµ + vµ) , Γ := −nµuµ = αut = (1− vivi)−1/2 = (1− v2)−1/2 ,
γ ·u = (δµν +nµnν)uν = Γvµ , vi = ui/Γ +βi/α ,
where Γ is the Lorentz factor.
Then, after denoting with V the array of the so-called 33 primitive variables
V :=
(
ρ, vj,p,Aij, Jj, κAB,α,β
j,γij
)
, (57)
where κAB are the material components of the matter-time metric κab. The so called 33 conserved
variables Q(V) can be easily expressed in terms of the primitive variables via the relations
D := ρΓ , S := ρhΓ2v, U := ρhΓ2 − p . (58)
Here, U is the conserved energy density, h = 1+ + p/ρ is the specific enthalpy and  is the
specific internal energy [3]. Then, the chosen state vector Q of conserved variables with respect
to the PDE system (60) is defined as
Q :=
(√
γD,
√
γSj,
√
γU,Aij, Jj, κAB,α,β
j,γij
)
. (59)
While the transformation from primitive to conserved variables is explicit and straightforward,
in this work, the inversion of the primitive to conserved function is computed iteratively.
Eventually, after a standard 3+ 1 foliation of spacetime [41, 3], system (40) projected into the
Valencia-type formulation reads as follows:
∂t
(
γ
1
2D
)
+ ∂i
[
γ
1
2D
(
αvi −βi
)]
= 0, (60a)
∂t
(
γ
1
2 Sj
)
+ ∂i
[
γ
1
2
(
αSi j −β
iSj
)]
− γ
1
2
(
1
2
αSik∂jγik + Si∂jβ
i −U∂jα
)
= 0, (60b)
∂t
(
γ
1
2U
)
+ ∂i
[
γ
1
2
(
αSi −βiU
)]
− γ
1
2
(
αSijKij − S
j∂j,α
)
= 0, (60c)
∂tA
i
j + ∂j
(
vˆkAik
)
+ vˆk
(
∂kA
i
j − ∂jA
i
k
)
= −
1
θsh
AiµG˚
µ
j, (60d)
∂tJi + ∂i
(
vˆkJk + Tˆ
)
+ vˆk (∂kJi − ∂iJk) = −
1
θh
Ji, (60e)
∂tκAB + vˆ
k∂kκAB = 0, ∂tα = 0, ∂tβi = 0, ∂tγij = 0, (60f)
where Tˆ = αT/Γ . In more detail, the components Sij, Si and U are defined as the space-time
decomposition (56) of the energy-stress tensor Tνµ that appears in equation (40a). Also, we have
introduced the definition of the so called transport velocity as vˆi := (vi +βi)/α. Finally, we stress
that due to the fact that system (40) is overdetermined, see (41), we are free to chose whether the
total energy or entropy equation is discretized (we chose to discretize the energy equation). The
remaining quantity is computed from the equation of state.
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5.2 Numerical examples
heat conduction. Here, we solve a simple Riemann problem that involves heat conduction.
The initial condition consists in a density jump from ρL = 1 to ρR = 0.9 located at x = 0.5.
The other state variables are globally constant and are chosen as v = J = 0, A = I and p = 1.
We furthermore assume a flat Minkowski spacetime, hence the lapse function is α = 1, the shift
vector is βi = 0 and the spatial metric tensor is γij = δij. The remaining parameters of the model
are the ideal gas EOS for εeq in (47) with γ = 53 (the ratio of the specific heats), csh = 0, αh = 0.8,
cV = 1 and two different relaxation times τh  1 are considered, namely τh = 5 · 10−3 and
τh = 5 · 10−4. The chosen initial data lead to a temperature jump of TL = 1γ−1 1ρL to TR =
1
γ−1
1
ρR
.
Simulations are run on the domain Ω = [0, 1]× [0, 1] until t = 0.5 using a fourth order ADER-DG
scheme [15, 16, 38] with polynomial approximation degreeN = 3 and 100× 4 spatial elements. A
fine grid reference solution is computed with a third order ADER-WENO finite volume scheme
[14, 16, 38] on 1000 cells.
The obtained results are depicted in the left panel of Fig. 1, which show the typical behavior
of heat conduction in the limit of the Fourier law. The agreement of the numerical simulation
carried out with the high order discontinuous Galerkin finite element scheme and the finite
volume reference solution is excellent.
relativistic sod shock tube. In this last test problem, we solve a relativistic version of the
Sod shock tube problem for the complete model (40), including viscosity and heat conduction.
The initial data consist of a jump located in x = 0.5 with ρL = 1, ρR = 0.125, v = J = 0, A = 3
√
ρ I,
pL = 1, pR = 0.1, α = 1, βi = 0, γij = δij. The remaining model parameters are chosen as the
ideal gas EOS for εeq with γ = 53 , cV = 1, ch = 0.01 and csh = 0.5. Three different values of
relaxation times τsh = τh  1 are used in the numerical simulations, namely 2 · 10−1, 2 · 10−2,
and 2 · 10−3. The computational domain is Ω = [0, 1]× [0, 1] and is covered with 100× 4 fourth
order ADER-DG elements of polynomial approximation degree N = 3. Simulations are run until
a final time of t = 0.4. Since the problem under consideration involves shock waves, we make
use of the a posteriori subcell finite volume limiter presented in [42]. The computational results
are compared against the exact solution of the Riemann problem of the ideal relativistic hydro-
dynamics (RHD) equations, which was kindly provided by Dr. Zanotti, see [43]. The obtained
results are depicted in the right panel of Figure 1. For small relaxation times, an excellent agree-
ment between the stiff relaxation limit of our model and the ideal relativistic Euler equations can
be noted.
6 conclusion
We have presented a general relativistic formulation for viscous/elastoplastic heat-conducting
continuous medium. Such a formulation is a generalization of the non-relativistic unified formu-
lation for fluid and solid dynamics advanced recently in [28, 16, 44] and relies on the theory of
Symmetric Hyperbolic Thermodynamically Compatible (SHTC) equations [4, 5, 7, 8].
Both transport processes are considered from a non-equilibrium viewpoint, that is no local
equilibrium assumptions such as Newton’s law of viscosity or Fourier law of heat conduction
are used. We provide a variational formulation for the reversible part of the time evolution which
makes the model compatible with the Euler-Lagrange structure of the Einstein field equations.
The irreversible part is represented by algebraic (no space and time derivatives) relaxation-type
source terms and can be viewed as gradients of a dissipation potential intimately connected
with the entropy, see [4]. We have observed that our variational formulation of the relativistic
heat conduction is equivalent to the Hamiltonian formulation by Öttinger [34, 32] within the
GENERIC approach. The viscous part which is governed by the distortion evolution equation
(40b) is different from that presented in [34, 32]. Nevertheless, it also admits a Hamiltonian
formulation as proven in [4].
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Figure 1: Left panel: Heat conduction based on the SHTC model. Temperature distribution at t = 0.5 for
two different relaxation times τh = 5 · 10−3 and τh = 5 · 10−4, starting from a temperature jump
initially located at x = 0.5. Right panel: Relativistic Sod shock tube problem solving the SHTC
model (60) with viscosity and heat conduction with different relaxation times τh = τsh = 2 · 10−3,
2 · 10−2, and 2 · 10−1. As reference, also the exact solution of the Riemann problem of the ideal
relativistic Euler equations (RHD) is shown.
Via a formal asymptotic analysis, we have recovered the effective transport coefficients of our
theory in the near equilibrium regime, see Sec. 4.2. Finally, we presented a 3+1 split of the gov-
erning equations in Sec. 5.1 which are then solved using the ADER-DG family of high-order
numerical schemes [14, 15, 16, 38, 37] designed specifically for hyperbolic partial differential
equations, see Sec. 5. We solved two one-dimensional Riemann problems in the special relativis-
tic settings in order to demonstrate the physical consistency and mathematical regularity of the
numerical solution.
Further research will concern the obtaining of general relativistic versions of the SHTC elec-
trodynamics equations in moving medium [17, 4] with resistivity and of hyperbolic equations
for mass transfer [45, 46].
acknowledgment This research has been supported by the European Union’s Horizon 2020
Research and Innovation Programme under the project ExaHyPE, grant no. 671698 (call FET-
HPC-1-2014). MD also acknowledges funding from the Italian Ministry of Education, Univer-
sity and Research (MIUR) via the Departments of Excellence Initiative 2018–2022 attributed to
DICAM of the University of Trento (grant L. 232/2016). MD has also received support from the
University of Trento in the frame of the Strategic Initiative Modeling and Simulation. IP greatly
acknowledges a financial support by Agence Nationale de la Recherche (FR) (Grant No. ANR-
11-LABX-0040-CIMI) within the program ANR-11-IDEX-0002-02. Theoretical results obtained by
ER in Secs. 2 and 3 were partially supported by the Russian Science Foundation grant (project
19-77-20004).
references
[1] W.A. Hiscock and L. Lindblom. Stability and causality in dissipative relativistic fluids.
Annals of Physics, 151(2):466–496, dec 1983. ISSN 0003-4916. doi: 10.1016/0003-4916(83)
90288-9. URL http://www.sciencedirect.com/science/article/pii/0003491683902889.
[2] W.A. Hiscock and L. Lindblom. Generic instabilities in first-order dissipative relativistic
fluid theories. Physical Review D, 31(4):725–733, 1985.
References 15
[3] L. Rezzolla and O. Zanotti. Relativistic hydrodynamics. Oxford University Press, Oxford,
2013.
[4] Ilya Peshkov, Michal Pavelka, Evgeniy Romenski, and Miroslav Grmela. Continuum
mechanics and thermodynamics in the Hamilton and the Godunov-type formula-
tions. Continuum Mechanics and Thermodynamics, 30(6):1343–1378, nov 2018. ISSN
0935-1175. doi: 10.1007/s00161-018-0621-2. URL http://link.springer.com/10.1007/
s00161-018-0621-2https://arxiv.org/abs/1710.00058https://link.springer.com/
article/10.1007{%}2Fs00161-018-0621-2http://arxiv.org/abs/1710.00058.
[5] S K Godunov. An interesting class of quasilinear systems. Dokl. Akad. Nauk SSSR, 139(3):
521–523, 1961.
[6] S.K. Godunov and E.I. Romensky. Thermodynamics, conservation laws and symmetric
forms of differential equations in mechanics of continuous media. In Computational Fluid
Dynamics Review 1995, volume 95, pages 19–31. John Wiley, NY, 1995. ISBN 9789814313360.
doi: 10.1142/7799.
[7] S.K. Godunov, T. Yu Mikhailova, and E.I. Romenskii. Systems of thermodynamically coor-
dinated laws of conservation invariant under rotations. Siberian Mathematical Journal, 37(4):
790–806, 1996.
[8] E.I. Romenski. Hyperbolic systems of thermodynamically compatible conservation laws
in continuum mechanics. Mathematical and computer modelling, 28(10):115–130, 1998. doi:
10.1016/S0895-7177(98)00159-9. URL https://www.sciencedirect.com/science/article/
pii/S0895717798001599.
[9] S K Godunov and E I Romenskii. Elements of continuum mechanics and conservation laws.
Kluwer Academic/Plenum Publishers, 2003.
[10] L. Antón, O. Zanotti, J.A. Miralles, J.M. Martí, J.M. Ibáñez, J.A. Font, and J.A. Pons. Numer-
ical 3+1 general relativistic magnetohydrodynamics: a local characteristic approach. Astro-
phys. J., 637:296, 2006.
[11] L. Antón, J. A. Miralles, J. M. Martí, J. M. Ibáñez, M. A. Aloy, and P. Mimica. Relativistic
Magnetohydrodynamics: Renormalized Eigenvectors and Full Wave Decomposition Rie-
mann Solver. Astrophys. J. Suppl., 188:1–31, 2010.
[12] José Maria Martí and Ewald Müller. Grid-based Methods in Relativistic Hydrodynamics
and Magnetohydrodynamics. Living Reviews in Computational Astrophysics, 1, 2015. ISSN
2365-0524. doi: 10.1007/lrca-2015-3.
[13] E F Toro and V A Titarev. Solution of the generalized {Riemann} problem for advection-
reaction equations. Proc. Roy. Soc. London, pages 271–281, 2002.
[14] M Dumbser, C Enaux, and E F Toro. Finite Volume Schemes of Very High Order of Accuracy
for Stiff Hyperbolic Balance Laws. Journal of Computational Physics, 227:3971–4001, 2008.
[15] F Fambri, M Dumbser, S Köppel, L Rezzolla, and O Zanotti. ADER discontinuous Galerkin
schemes for general-relativistic ideal magnetohydrodynamics. submitted to MNRAS, 2018.
URL https://arxiv.org/abs/1801.02839.
[16] M. Dumbser, I. Peshkov, E. Romenski, and O. Zanotti. High order ADER schemes for a uni-
fied first order hyperbolic formulation of continuum mechanics: viscous heat-conducting
fluids and elastic solids. Journal of Computational Physics, 314:824–862, 2016.
[17] M. Dumbser, I. Peshkov, E. Romenski, and O. Zanotti. High order ADER schemes for
a unified first order hyperbolic formulation of Newtonian continuum mechanics coupled
with electro-dynamics. Journal of Computational Physics, 348:298–342, 2017.
References 16
[18] H C Öttinger. Beyond Equilibrium Thermodynamics. Wiley, 2005. ISBN 9780471727910.
[19] M. Pavelka, V. Klika, and M. Grmela. Multiscale Thermo-Dynamics. De Gruyter, Berlin,
Boston, aug 2018. ISBN 9783110350951. doi: 10.1515/9783110350951. URL http://www.
degruyter.com/view/books/9783110350951/9783110350951/9783110350951.xml.
[20] D. Jou, J. Casas-Vázquez, and G. Lebon. Extended irreversible thermodynamics. Springer Berlin
Heidelberg, Dordrecht, 2010. ISBN 978-90-481-3073-3. doi: 10.1007/978-90-481-3074-0. URL
http://link.springer.com/10.1007/978-90-481-3074-0.
[21] I. Müller and T. Ruggeri. Rational Extended Thermodynamics, volume 16. Springer, 1998. ISBN
9783642874260.
[22] J. Kijowski and G. Magli. Relativistic elastomechanics as a Lagrangian field theory. Journal of
Geometry and Physics, 9(3):207–223, 1992. ISSN 03930440. doi: 10.1016/0393-0440(92)90028-Y.
[23] Jerzy Kijowski and Giulio Magli. Unconstrained Hamiltonian formulation of general rel-
ativity with thermo-elastic sources. Classical and Quantum Gravity, 15(12):3891–3916, dec
1998. ISSN 0264-9381. doi: 10.1088/0264-9381/15/12/017. URL http://stacks.iop.org/
0264-9381/15/i=12/a=017?key=crossref.2ea29b0c237bac00a221ab1c89ef1737.
[24] M. Wernig-Pichler. Relativistic elastodynamics. PhD thesis, Institut für theoretische Physik
der Universität Wien, 2006. URL http://arxiv.org/abs/gr-qc/0605025v1.
[25] S. Broda. Comparison of two different formalisms for relativistic elasticity theory. PhD thesis,
University of Vienna, 2008. URL http://othes.univie.ac.at/2375/.
[26] C. Gundlach, I. Hawke, and S.J. Erickson. A conservation law formulation of nonlinear
elasticity in general relativity. Classical and Quantum Gravity, 29(1):015005, 2012. ISSN 0264-
9381. doi: 10.1088/0264-9381/29/1/015005. URL http://stacks.iop.org/0264-9381/29/
i=1/a=015005?key=crossref.7cf6abf7a70504d29fccfe06956783f5.
[27] Ilya Peshkov, Evgeniy Romenski, Francesco Fambri, and Michael Dumbser. A new causal
general relativistic formulation for dissipative continuum fluid and solid mechanics and
its solution with high-order ADER schemes. oct 2019. URL http://arxiv.org/abs/1910.
02687.
[28] I. Peshkov and E. Romenski. A hyperbolic model for viscous Newtonian
flows. Continuum Mechanics and Thermodynamics, 28(1-2):85–104, 2016. ISSN
09351175. doi: 10.1007/s00161-014-0401-6. URL https://link.springer.com/article/10.
1007{%}2Fs00161-014-0401-6.
[29] Ilya Peshkov, Evgeniy Romenski, and Michael Dumbser. Continuum mechanics with
torsion. Continuum Mechanics and Thermodynamics, 31(5):1517–1541, sep 2019. ISSN
0935-1175. doi: 10.1007/s00161-019-00770-6. URL http://link.springer.com/10.1007/
s00161-019-00770-6http://arxiv.org/abs/1810.03761.
[30] C. Eckart. The thermodynamics of irreversible processes. III. Relativistic theory of the sim-
ple fluid. Physical Review, 58(10):919–924, 1940. ISSN 0031899X. doi: 10.1103/PhysRev.58.
919.
[31] P. Ván and T. S. Biró. Relativistic hydrodynamics - Causality and stability. European
Physical Journal: Special Topics, 155(1):201–212, 2008. ISSN 19516355. doi: 10.1140/epjst/
e2008-00602-6.
[32] H.C. Öttinger. On the structural compatibility of a general formalism for nonequilibrium
dynamics with special relativity. Physica A: Statistical Mechanics and its Applications, 259
(1-2):24–42, oct 1998. ISSN 03784371. doi: 10.1016/S0378-4371(98)00298-2. URL http://
linkinghub.elsevier.com/retrieve/pii/S0378437198002982.
References 17
[33] H.C. Öttinger. Relativistic and nonrelativistic description of fluids with anisotropic heat
conduction. Physica A: Statistical Mechanics and its Applications, 254(3):433–450, 1998. ISSN
03784371. doi: 10.1016/S0378-4371(98)00045-4.
[34] L. Stricker and H.C. Öttinger. Stability analysis for a thermodynamically consistent model
of relativistic fluid dynamics. Physical Review E, 99(1):013105, 2019. ISSN 2470-0045. doi:
10.1103/PhysRevE.99.013105. URL http://arxiv.org/abs/1809.04956https://link.aps.
org/doi/10.1103/PhysRevE.99.013105.
[35] Manuel Torrilhon. Modeling Nonequilibrium Gas Flow Based on Moment Equa-
tions. Annual Review of Fluid Mechanics, 48(1):429–458, 2016. ISSN 0066-
4189. doi: 10.1146/annurev-fluid-122414-034259. URL http://dx.doi.org/10.1146/
annurev-fluid-122414-034259.
[36] I. Peshkov, W. Boscheri, R. Loubère, E. Romenski, and M. Dumbser. Theoretical and numer-
ical comparison of hyperelastic and hypoelastic formulations for Eulerian non-linear elasto-
plasticity. Journal of Computational Physics, 387:481–521, 2019. ISSN 00219991. doi: 10.1016/
j.jcp.2019.02.039. URL http://arxiv.org/abs/1806.00706https://linkinghub.elsevier.
com/retrieve/pii/S0021999119301561https://doi.org/10.1016/j.jcp.2019.02.039.
[37] M. Dumbser, F. Fambri, M. Tavelli, M. Bader, and T. Weinzierl. Efficient Implementation
of ADER Discontinuous Galerkin Schemes for a Scalable Hyperbolic PDE Engine. Axioms,
7(3):63, 2018. ISSN 2075-1680. doi: 10.3390/axioms7030063. URL http://www.mdpi.com/
2075-1680/7/3/63.
[38] M. Dumbser, F. Guercilena, S. Köppel, L. Rezzolla, and Ol Zanotti. Conformal and covariant
Z4 formulation of the Einstein equations: Strongly hyperbolic first-order reduction and solu-
tion with discontinuous Galerkin schemes. Physical Review D, 97(8):084053, 2018. ISSN 2470-
0010. doi: 10.1103/PhysRevD.97.084053. URL http://arxiv.org/abs/1707.09910https:
//link.aps.org/doi/10.1103/PhysRevD.97.084053.
[39] W.A. Hiscock and L. Lindblom. Nonlinear pathologies in relativistic heat-conducting fluid
theories. Physics Letters A, 131(9):509–513, 1988. ISSN 03759601. doi: 10.1016/0375-9601(88)
90679-2.
[40] L.D. Landau and E.M. Lifshitz. Fluid Mechanics, Course of Theoretical Physics, Volume 6. Else-
vier Butterworth-Heinemann, Oxford, 2004.
[41] Eric Gourgoulhon. 3+1 Formalism in General Relativity, volume 846 of Lecture Notes in Physics.
Berlin Springer Verlag, 2012.
[42] M Dumbser, O Zanotti, R Loubère, and S Diot. A posteriori subcell limiting of the dis-
continuous Galerkin finite element method for hyperbolic conservation laws. Journal of
Computational Physics, 278:47–75, dec 2014.
[43] L Rezzolla and O Zanotti. An improved exact Riemann solver for relativistic hydrodynamics.
Journal of Fluid Mechanics, 449:395–411, 2001.
[44] Michael Dumbser, Ilya Peshkov, and Evgeniy Romenski. A Unified Hyperbolic Formu-
lation for Viscous Fluids and Elastoplastic Solids. In Christian Klingenberg and Michael
Westdickenberg, editors, Theory, Numerics and Applications of Hyperbolic Problems II. HYP
2016, volume 237 of Springer Proceedings in Mathematics and Statistics, pages 451–463,
Cham, 2018. Springer International Publishing. ISBN 978-3-319-91547-0. doi: 10.1007/
978-3-319-91548-7_34. URL http://dx.doi.org/10.1007/978-3-319-91548-7{_}34http:
//arxiv.org/abs/1705.02151.
[45] E Romenski, D Drikakis, and E Toro. Conservative Models and Numerical Methods for
Compressible Two-Phase Flow. Journal of Scientific Computing, 42(1):68–95, 2010.
References 18
[46] E. Romenski, A.A. Belozerov, and I.M. Peshkov. Conservative formulation for compressible
multiphase flows. Quarterly of Applied Mathematics, 74(1):113–136, 2016. ISSN 15524485
0033569X. doi: 10.1090/qam/1409.
